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THE HURWITZ SPACE PICARD RANK CONJECTURE FOR d > g − 1
SCOTT MULLANE
Abstract. We show the simple Hurwitz space Hg,d has trivial rational Picard group for d > g − 1 and
is uniruled for d > g + 1.
1. Introduction
The Hurwitz space Hg,d, parameterising isomorphism classes of simply branched genus g, degree d
covers of the rational line has resided at the intersection of geometry, algebra, topology and analysis
for over a century and a half. From the perspective of algebraic geometry, Hurwitz spaces have been
a major tool in understanding important aspects of the moduli space of curves Mg, including the
dimension [Riem], irreducibility [Cl],[Hur], dimension of proper subvarieties [D], and the birational
classification [HMu]. Despite this, some fundamental questions on the global geometry of Hg,d persist.
In this paper we consider the questions of the Picard group and the birational classification problem
for Hg,d.
It has long been conjectured that the rational Picard group PicQ(Hg,d) is trivial and was known
in the range d ≤ 5 and d > 2g − 2. The case of d = 2 was proven by Cornalba and Harris [CH],
d = 3 by Stankova-Frenkel [SF] and d = 4,5 by Deopurkar and Patel [DP]. When d > 2g − 2 the mapHg,d Ð→Mg is a fibration over Mg and the result follows from Harer’s theorem [H] that the rational
Picard group of Mg has rank one (see [Mo] or [DE]).
For reasons that will become clear when we discuss our methods, we also consider the finite coverH+g,d of Hg,d obtained by marking one branch point. The main result of this paper is the following.
Theorem 1.1. The rational Picard groups PicQ(H+g,d) for d > g and PicQ(Hg,d) for d > g − 1 are
trivial.
As a consequence of the compactification we construct to prove Theorem 1.1 we obtain the following
contribution to the birational classification problem.
Theorem 1.2. H+g,d and Hg,d are uniruled when d > g + 1.
Further, H+g,d and Hg,d are not unirational in this range for g ≥ 10 due to the natural dominant map
to Jg,d the universal genus g degree d Jacobian which is of general type for d > g + 1 and g ≥ 10. See
§3 for a summary of known results on the birational classification of Hg,d.
Our strategy is to consider H+g,d as an open dense subvariety of a projectivised stratum of exact
differentials of fixed signature and obtain a compactification by taking the closure inside the projec-
tivisation of a twisted Hodge bundle of stable differentials.
From any degree d simply branched cover f ∶ C Ð→ P1 with a branch point at ∞ we obtain
a meromorphic exact differential f∗dz on C with signature of zeros and poles (−3,−2d−2,12g+2d−3)
where the poles occur at the points in f−1(∞) and the zeros at the remaining ramification points of
f . Similarly, given any exact differential of this signature, by integrating the differential we obtain
a degree d cover of the rational line simply branched over ∞ with possibly non-simple branching
elsewhere, though as the zeros of the differential are simple the ramification will be simple, that is,
the branching profile is always of type (2k,1d−2k) for some k.
In §2 we show this identifies H+g,d as an open subvariety inside the projectivisation of a twisted
Hodge bundle of rank 2d + g over Mg,1+[d−2] ∶=Mg,d−1/Sd−2
with fibres over [C,p1, p2 + ⋅ ⋅ ⋅ + pd−1] identified with
H0(ωC(3p1 + 2(p1 + ⋅ ⋅ ⋅ + pd−1))).
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Taking the closure we obtain the partial compactification P̃Hg,dX of H+g,d. Considering the closure in
the natural extension of the twisted Hodge bundle to stable differentials over Mg,1+[d−2] we obtain the
compactification PHg,dX .
For d > g + 1, Proposition 2.1 shows P̃Hg,dX ∖ X̃ is a projective bundle over Mg,1+[d−2] ∖X where X̃
and X are subvarieties of codimension at least two. Hence Theorem 1.2 holds and in these cases we
also obtain the rank of the rational Chow group
(1) ρ(P̃Hg,dX ) = ρ(Mg,1+[d−2]) + 1.
For d = g + 1, Proposition 2.2 gives a proper birational morphism
pi ∶ P̃Hg,dX Ð→Mg,1+[d−2]
and Theorem 3.1 gives the implications to the Kodaira dimension of H+g,g+1 that follow from results
on Mg,1+[g−1] in g = 10 by Barros and the author [BM] and g ≥ 11 by Farkas and Verra [FV1],[FV2].
Further, as the exceptional locus is irreducible we obtain bounds on the rank of the rational Chow
group
ρ(Mg,1+[g−1]) ≤ ρ(P̃Hg,g+1X ) ≤ ρ(Mg,1+[g−1]) + 1.
The results of §4 on the linear independence of the boundary components then imply that Equation 1
also holds in this case.
We begin §4 by completing the remaining technical task of showing that for d > g the rational Chow
and hence Picard rank of P̃Hg,dX is completely accounted for by the irreducible components of the
boundary P̃Hg,dX ∖H+g,d. We consider the well known compactifications H+adg,d and Hadg,d by admissible
covers [HMu] and their normalisations H+g,d and Hg,d the spaces of twisted stable maps [ACV]. The
identification of H+g,d as a open subvariety of P̃Hg,dX by pulling back a differential from the target curve
to the source curve extends to a birational morphism
τ ∶H+g,d ∖ Y Ð→ P̃Hg,dX
for Y a certain collection of boundary divisors of H+g,d.
Hence any non-trivial relation in the four boundary components of P̃Hg,dX will pullback to give a non-
trivial relation in the boundary components of H+g,d. It is not known that the boundary components
of H+g,d are linearly independent, however, Patel [Pat] showed the irreducible boundary components ofHg,d are independent. Hence the pushforward of any non-trivial relation in the boundary components
under the natural finite forgetful morphism
ϕ ∶H+g,d Ð→Hg,d
must be the trivial relation. With the addition of a number of test curves in H+g,d we show that the
pullback of any relation in the boundary components of P̃Hg,dX must be trivial and hence the irreducible
components of the boundary of P̃Hg,dX are linearly independent.
For d = g, the map
pi ∶ P̃Hg,dX Ð→Mg,1+[d−2]
is no longer dominant and we must use a different approach. Consider the finite branch morphism
fbr ∶Hg,d Ð→M0,[2g+2d−2]
and let Y be the collection of all boundary divisors other than the three irreducible components of
f∗brδ[2] where the stable model of the general source curve is a smooth curve (see Figure 4). Then we
obtain an isomorphism Hg,g ∖ {Y ∪ X̃} Ð→ Cg,g−2 ∖X[pi ∶ C → P1] ↦ [C,KC ⊗ pi∗O(−1)]
where X̃ and X are the loci of indeterminacy of the associated rational map and the rational inverse
respectively (see § 4 for details). As codim(X̃) = codim(X) = 2 we obtain the rank of the rational
Chow group
ρ(Hg,g ∖ Y ) = ρ(Cg,g−2) = 3.
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The boundary components of Hg,d are linearly independent by Patel [Pat] which completes the final
case of Theorem 1.1.
The paper is organised as follows. In §2 we define and discuss the properties of the compactifications
PHg,dX and P̃Hg,dX of H+g,d. In §3 we prove the results on the Kodaira dimension of Hurwitz space. In
§4 we show that for d > g the rational Chow and hence Picard rank of P̃Hg,dX is completely accounted
for by the irreducible components of the boundary P̃Hg,dX ∖H+g,d, while for d = g the same holds forHg,d ∖ Y , hence proving Theorem 1.1.
Acknowledgements. I am grateful to Ignacio Barros, Dawei Chen and Martin Mo¨ller for many
useful discussions. The author was supported by the Alexander von Humboldt Foundation during the
preparation of this article.
2. The twisted Hodge bundle and Hurwitz space
The space of holomorphic differentials on genus g curves forms a vector bundle H of rank g overMg which extends to a rank g vector bundle H over Mg, the Deligne-Mumford moduli space of stable
curves. If
pi ∶ C Ð→Mg
is the universal family, then H is defined as the pushforward of the relative dualising sheafH ∶= pi∗ωC/Mg .
The fibre of H over a stable nodal curve C is H0(C,ωC), the global sections of the dualising sheaf ωC
(see [HM, Section 3A]).
Similarly, for any µ = (m1, . . . ,mn) with ∑mi < 0H(µ,{12g−2−∑mi})
is a rank g + 1 −∑mi vector bundle over Mg,n where the fibre over [C,p1, . . . , pn] ∈Mg,n is given by
H0(C,ωC(−∑mipi))
which is naturally identified with the g + 1 −∑mi dimensional vector space of differentials on C with
poles of order at most −mi at pi for mi < 0, zeros of order at least mi at pi for mi > 0 and no other
poles. Here the notation of the brackets is indicating that these simple zeros in the twisted differentials
are unordered, while the line above indicates that these simple zeros can collide with each other and
with the marked points in Mg,n. We let H(µ,{12g−2−∑mi})
denote the open subvariety where the zeros do not collide with each other or the marked points.
This bundle extends in the same way to a rank g + 1 −∑mi vector bundle over Mg,n. If
pi ∶ C Ð→Mg,n
is the universal family, define
H(µ,{12g−2−∑mi}) ∶= pi∗ωC/Mg,n( − n∑
i=1miZi)
the bundle over Mg,n, where Zi denotes the image of the section of the universal family pi given by
the ith marked point.
A natural subvariety of the twisted Hodge bundle is obtained by restricting to exact differentials,
that is, meromophic differentials η on a smooth curve C of the required signature such that if P is
the set of poles of η, then ∫γ η = 0 for any γ ∈H1(C ∖ P,Z). We denote this subvariety byHX(µ,{12g−2−∑mi}).
Fix µ = (−3,−2d−2) and consider HX(µ,{12g+2d−3}). Integrating the differential gives a degree d cover
of the rational line, in which, the image of the marked points in Mg,d−1 are all ∞.
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Similarly, given any simply branched degree d cover of the rational line by a genus g curve, pulling
back a differential on the rational curve with a double pole at one of the branch points and no other
poles or zeros gives an exact differential of this type with the double poles unordered. We let
PHg,dX ∶= PHX(µ,{12g+2d−3})/Sd−2
where Sd−2 acts by permutation on the labelling of the marked poles of order 2. The above identifi-
cation gives an isomorphism between an open dense subvariety of PHg,dX and a pointed version of the
simple Hurwitz space H+g,d. Specifically, if Y is the subvariety of PHg,dX defined by the condition that
the degree d cover obtained by integrating the differential does not have simple branching, then
PHg,dX ∖ Y ≅H+g,d
where H+g,d is the Hurwitz space of genus g, degree d covers of the rational line with simple branching
and one branch point marked. As the zeros of the differential remain distinct any non-simple branch
profile will be of the type (2k,1d−2k) for some k. We denote by PHg,dX , the closure of PHg,dX inside the
bundle
PH(µ,{12g+2d−3})/Sd−2
over Mg,1+[d−2] ∶=Mg,d−1/Sd−2.
The fibre over [C,p1, p2 + ⋅ ⋅ ⋅ + pd−1] ∈Mg,1+[d−2] is non-empty when
dimH0(2p1 + p2 + ⋅ ⋅ ⋅ + pd−1) ≥ 2
and in this case, by Riemann-Roch the fibre dimension is equal to
dimH0(2p1 + p2 + ⋅ ⋅ ⋅ + pd−1) − 2 = d − g − 1 + dimH0(ωC(−2p1 − p2 − ⋅ ⋅ ⋅ − pd−1)).
Hence
pi ∶ PHg,dX Ð→Mg,1+[d−2]
is a dominant morphism for d > g. For a complete description (beyond the scope of our discussion) of
the degeneration of pointed differentials to stable nodal curves see [BCGGM1] and the recent smooth
compactification of the strata of differentials [BCGGM2]. For a discussion of the limit of zero residue
conditions and applications to the irreducibility of certain Hurwitz spaces see [Mul].
We define P̃Hg,dX to be the partial compactification of H+g,d obtained by restricting PHg,dX to the
pre-image of Mg,1+[d−1]. This is simply the projectivisation ofHX(−3,{−2d−2},{12g+2d−3}).
Define X to be the locus of [C,p1, p2 + ⋅ ⋅ ⋅ + pd−1] ∈Mg,1+[d−2] such that
dimH0(ωC(−2p1 − p2 − ⋅ ⋅ ⋅ − pd−1)) > 0
and X̃ to be the pre-image in P̃Hg,dX .
The following proposition shows that when pi has positive dimensional fibres, X̃ has codimension
at least two and P̃Hg,dX ∖ X̃ is a projective bundle.
Proposition 2.1. Fix d > g + 1, then X and X̃ have codimension at least two and P̃Hg,dX ∖ X̃ is a
projective bundle over Mg,1+[d−2] ∖X.
Proof. For [C,p1, p2 + ⋅ ⋅ ⋅ + pd−1] in Mg,1+[d−2], the exact differentials form a linear subspace in
H0(ωC(3p1 + 2(p2 + ⋅ ⋅ ⋅ + pd−1)).
As discussed above, the fibre dimension is given by
d − g − 1 + dimH0(ωC(−2p1 − p2 − ⋅ ⋅ ⋅ − pd−1)).
Our task is to show that X and X̃ have codimension at least two.
Consider the pointed version of the subvariety of exact differentials in the twisted Hodge bundle
PHX(−3,−2d−2,{12g+2d−3}).
Here the double poles are ordered and the bar indicates that we consider the partial compactification
where the simple zeros can collide with each other and the poles, though the underlying pointed curve
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in Mg,d−1 remains smooth. For r ≥ 1, let Xr be the locus in Mg,d−1 with fibre dimension d− g − 1+ r,
hence the locus such that
dimH0(ωC(−2p1 − p2 − ⋅ ⋅ ⋅ − pd−1)) = r.
For d > g + 1, because pi is dominant and H+g,d is irreducible, the pre-image of this loci has at most
codimension one. The pre-image of this locus has codimension equal to one if and only if codim(Xr) =
r + 1.
Assume codim(Xr) = r + 1 and let
ϕj ∶Mg,d−1 Ð→Mg,d−2
be the morphism forgetting the jth point for j = 2, . . . , d − 1. Then codim(pij(Xr)) = r or r + 1.
However, for any [C,p1, . . . , pd−1] in Xr we observe
dimH0(ωC(−2p1 − p2 − ⋅ ⋅ ⋅ − 0pj − ⋅ ⋅ ⋅ − pd−1)) ≥ r
and if codim(pij(Xr)) = r then the pre-image of pij(Xr) provides a full dimensional component of
P̃Hd−1,gX contradicting the irreducibility of Hd−1,g.
Hence if codim(Xr) = r + 1, then codim(pij(Xr)) = r + 1 for j = 2, . . . , d − 1 which implies for
that for any [C,p1, . . . , pd−1] in Xr the d − 2 points pj for j = 2, . . . , d − 1 move freely in the g − 1
dimensional projectivised canonical system PH0(ωC) which provides a contradiction for d > g + 1.
Hence codim(Xr) ≥ r + 2. 
In the case that d = g + 1 the dimensions coincide and pi is a birational morphism with irreducible
exceptional locus.
Proposition 2.2. Fix d = g + 1, then
pi ∶ P̃Hg,g+1X Ð→Mg,1+[g−1]
is a proper birational morphism that has irreducible exceptional locus in codimension one E that is
contracted to the codimension two locus of [C,p1, p2 + ⋅ ⋅ ⋅ + pg] such that
dimH0(ωC(−2p1 − p2 − ⋅ ⋅ ⋅ − pg)) ≥ 1.
Proof. The expected dimension of H0(2p1 + p2 + ⋅ ⋅ ⋅ + pg) is 2, giving a unique pre-image under pi.
The existence of Xr for r ≥ 2 as defined above with codim(Xr) = r + 1 would again contradict the
irreducibility of Hg,g. The irreducibility of this locus then follows from the irreducibility of the image
in Mg,1+[g−1]. This locus is the image of the projectivised stratum
PH(2,{1g−1},{1g−3})
in Mg,1+[g−1] after forgetting the last g − 3 points. However, H(2,12g−4) is irreducible [KZ]. 
Proposition 2.3. Fix d = g, then PHg,gX is birational to PH(2,{1g−2},{1g−2}).
Proof. Consider the forgetful morphism from both varieties to Mg,1+[g−2]. The fibre of a generic point
in the image of each is a single point. The image of each is equal to the closure of the locus of[C,p1, p2 + ⋅ ⋅ ⋅ + pg−1] in Mg,1+[g−2] such that
dimH0(ωC(−2p1 − p2 − ⋅ ⋅ ⋅ − pg−2) ≥ 1.

Proposition 2.1 also provides the rank of the rational Chow group of P̃Hg,dX when d > g + 1.
Corollary 2.4. Fix d > g+1, then the following relation on the rank of the rational Chow groups holds
ρ(P̃Hg,dX ) = ρ(Mg,1+[d−2]) + 1.
Proof. By the excision sequence as codim(X̃) ≥ 2 we obtain
A1Q(P̃Hg,dX ) ≅ A1Q(P̃Hg,dX ∖ X̃)
and as codim(X) ≥ 2
A1Q(Mg,1+[d−2]) ≅ A1Q(Mg,1+[d−2] ∖X).
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Further, the rational Chow group of a projective bundle is generated by the O(−1) line bundle class
of the projective bundle and the pullback of the Chow group of the base. Hence Proposition 2.1 gives
the result for d > g + 1. 
In the case that d = g + 1, Proposition 2.2 gives bounds on the rank of the rational Chow group.
Corollary 2.5. Fix d = g+1, then the following relation on the rank of the rational Chow groups holds
ρ(Mg,1+[g−1]) ≤ ρ(P̃Hg,g+1X ) ≤ ρ(Mg,1+[g−1]) + 1.
Proof. For d = g + 1, observe that
A1Q(P̃Hg,g+1X ∖E) ≅ A1Q(Mg,1+[g−1] ∖ pi(E)) ≅ A1Q(Mg,1+[g−1])
as codim(pi(E)) = 2. Hence by excision we obtain the exact sequence
Q[E]Ð→ A1Q(P̃Hg,g+1X )Ð→ A1Q(Mg,1+[g−1])Ð→ 0.

3. On the Kodaira dimension of Hurwitz space
The Hurwitz space Hg,d has negative Kodaira dimension for d ≤ 5 by Petri [Pet] or B. Segre [S],
g ≤ 9 by Mukai [Mu] and d = 6 for most g ≤ 45 by Geiß [G]. In the case d = g the birational map
(2)
Hg,g ⇢ Cg,g−2[pi ∶ C → P1] ↦ [C,KC ⊗ pi∗O(−1)]
to the universal degree g − 2 symmetric product implies that Hg,g is uniruled for g ≤ 11 and of general
type for g ≥ 12 by the results of Farkas and Verra [FV1] on the target. The classification of the
Kodaira dimension of universal Jacobians Jg,d for general degree was initiated by Bini, Fontanari and
Viviani [BFV] and completed by Casalaina-Martin, Kass, and Viviani [CMKV]. The map
(3)
Hg,d ⇢ Jg,d[pi ∶ C → P1] ↦ [C,pi∗O(1)]
to the universal degree d genus g Jacobian is birational for d = g + 1. Hence
Kod(Hg,g+1) = ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 for g = 10
19 for g = 11
3g − 3 for g ≥ 12.
Further, for d > g + 1 the map (3) is dominant and hence in these cases H+g,d and Hg,d cannot be
unirational for g ≥ 10 as they dominate a variety of general type.
Outside of this range there are a number of partial results of unirationality and uniruledness. Verra’s
proof of the unirationality of M14 is via a construction in Hurwitz space that shows Hg,d is unirational
for (g, d) = (14,8). Schreyer and Tanturri [ST] showed Hg,d is unirational when (g, d) = (12,8)
and uniruled for (g, d) = (13,9), and Keneshlou and Tanturri [KT] showed Hg,d is unirational for(g, d) = (10,8) and (13,7). For a more comprehensive summary of the known results see [ST, Figure
1].
Recently, Farkas [F] gave an effective decomposition of the canonical divisor on a partial compact-
ification of Hg,d for (d, g) = (14,9), (16,9), (17,11), (19,13)
and hence the Kodaira dimension of Hg,d is non-negative in these cases.
As a consequence of the last section we have the following theorems on the Kodaira dimension of
Hurwitz space.
Theorem 1.2. H+g,d and Hg,d are uniruled when d > g + 1.
Proof. This follows for H+g,d as a direct consequence of Proposition 2.1. The finite morphism
ϕ ∶H+g,d Ð→Hg,d
implies the rulings push forward and the result also holds for Hg,d. 
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Theorem 3.1. For d = g + 1,
Kod(H+g,d) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 for g = 10
19 for g = 11
maximal for g ≥ 12,
Proof. The Kodaira dimension is a birational invariant. Hence the first result follows from Proposi-
tion 2.2 and the Kodaira dimension of Mg,1+[g−1] due to Barros and the author [BM] for g = 10 who
showed that
Kod(M10,10/H) = 0
for all subgroups H of S10. Farkas and Verra [FV1] show that
Kod(M11,11/H) = 19
for all subgroups H of S11. Further, Farkas and Verra [FV2] show Kod(Mg,[g−1]) is maximal for
g ≥ 12. Hence the final result follows from the forgetful morphismMg,1+[g−1] Ð→Mg,[g−1]
for g ≥ 12 that maps Mg,1+[g−1] dominantly to a variety of general type with fibres of general type.

Observe thatH+g,g+1 is of general type for g ≥ 12 whileHg,g+1 is of intermediate type with Kod(Hg,g+1) =
3g − 3 in the same range.
The implications of Proposition 2.3 to the Kodaira dimension of Hg,d were already known.
4. On the Picard group of Hurwitz space
4.1. The admissible covers compactification of H+g,d. In §2 we added to the compactifications of
Hurwitz spaces by constructing PHg,dX , as a compactification of H+g,d. However, H+g,d also admits the
well-known compacification by admissible covers constructed by Harris and Mumford [HMu] which
we denote H+adg,d .
An admissible cover
pi ∶ C Ð→X
is a finite morphism of nodal curves of arithmetic genus g(C) = g and g(X) = 0 such that
(a) The smooth locus of C is mapped to the smooth locus of X,
(b) The nodes of C map to the nodes of X,
(c) At each node of C the two branches have the same ramification order,
(d) The smooth locus of X contains 2g + 2d − 3 marked unordered branch points and one marked
distinguished branch point,
(e) The target curve X marked with the branch points is stable.
The above also provide the admissible covers compactification Hadg,d of Hg,d where in this case (d) is
replaced by the condition that the smooth locus of X contains 2g + 2d − 2 marked unordered simple
branch points. Similarly, it provides the admissible covers compactification Ho adg,d of Hog,d the Hurwitz
space of simply branched covers with ordered branch points. In this case (d) is replaced by the
condition that the smooth locus of X contains 2g + 2d− 2 marked ordered simple branch points. This
compactification comes with four natural forgetful morphisms.
fbr ∶H+adg,d Ð→M0,1+[2g+2d−3]
is the dominant morphism that maps an admissible cover to the stabilisation of the target curve.
fram ∶H+adg,d Ð→Mg,1+[2g+2d−3]
is the morphism that maps an admissible cover to the stabilisation of the source curve with the
ramification points marked.
ffib ∶H+adg,d Ð→Mg,1+[d−2]
is the morphism that maps an admissible cover to the stabilisation of the pointed source curve marked
by the distinguished simply branched fibre. Finally,
ϕ ∶H+adg,d Ð→Hadg,d
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is the natural forgetful morphism of generic degree 2g+2d−2. Further, the first two forgetful morphisms
naturally generalise to Hadg,d.
Now let Y be the collection of boundary divisors of H+adg,d with support contained in the pullback of
the boundary of Mg,1+[d−2] under ffib. There is a natural morphism
τ ∶H+adg,d ∖ Y Ð→ P̃Hg,dX
that respects the following commutative diagram.
H+adg,d ∖ Y P̃Hg,dX
Mg,1+[d−2]
τ
ffib
pi
As discussed, τ is defined on a cover pi ∶ C Ð→ P1 in the interior H+g,d by pulling back any differential
with a unique double pole at the distinguished branch point and no other zeros or poles. This extends
to the boundary as follows. Consider an admissible cover pi ∶ C̃ Ð→ X̃ in H+adg,d ∖ Y . The stable model
of the curve C̃ and the points in the fibre of the marked branch point of pi is a smooth pointed curve[C,p1, p2 + . . . pd−1] ∈Mg,1+[d−2] and is hence the result of the contraction of rational tails in C̃.
Restricting pi to the curve C we obtain pi∣C ∶ C Ð→ X ≅ P1 where due to the possible contraction
of components in the source curve we obtain deg(pi∣C) ≤ d and the branching may be non-simple.
Further, the specified branch point in X̃ has a unique image x in X under the semi-stable reduction
of the pointed base curve to X. Pulling back the unique differential (up to scaling by C∗) on X with
a double pole at x and no other zeros or poles we obtain the required differential.
Note that due to the stable reduction process, it may be the case that pi∣C(pi) ≠ x for some pi. This
corresponds to a twisted differential without a pole at pi. This stable reduction process extends to
families of admissible covers in H+adg,d ∖ Y and there is a unique (up to scaling by C∗) non-vanishing
family of differentials with a unique double pole at the marked branch point and no other zeros or
poles on the target curves. Pulling back this family gives a family of non-vanishing differentials on
the source curves and a unique family in P̃Hg,dX .
Unfortunately, the admissible covers compactifications Hadg,d and H+adg,d are not normal. However, the
space of twisted stable maps [ACV] provide normalisations which we denote Hg,d and H+g,d respectively
and discuss the local structure of below. By an abuse of notation we denote by fbr, fram, ffib and τ the
composition of the normalisation morphism and the morphisms defined above and similarly also let
ϕ ∶H+g,d Ð→Hg,d
denote the natural forgetful morphism. The meaning will be clear from context.
4.2. The boundary of P̃Hg,dX . The boundary P̃Hg,dX ∖H+g,d consists of four irreducible components.
Let T denote the closure of
PHX(−3,{−2d−2},2,{12g+2d−5})
in P̃Hg,dX , the locus where two simple zeros collide.
Let D denote the closure of the locus where two distinct simple zeros have the same image under
the morphism to a rational curve obtained by integrating the differential. This is the closure of the
locus where the morphism has branching of type (2,2,1d−4) at some point away from the distinguished
branch point.
Let δ1 denote the closure of
PHX(−2,{−2d−2},{12g+2d−4}),
the locus where one of the simple zeros in the differential collides with p1.
Finally, let δ2 denote the closure of
PHX(−3,0,{−2d−3},{12g+2d−5}),
the locus where two simple zeros in the differential collide with a point in p2 + ⋅ ⋅ ⋅ + pd−2.
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4.3. The boundary of H+adg,d and H+g,d. The boundary of H+adg,d contains considerably more compo-
nents. Consider admissible covers of a base containing two irreducible components and a unique node.
We denote the ramification type of the cover pi ∶ C Ð→X above the unique node by m = [m1, . . . ,mr]
where r is the number of nodes and ∑mi = deg(pi) = d. The pullback under fbr of each boundary
divisor in M0,1+[2g+2d−3] will provide a number of divisors specified by signatures m. These divisors
will also in general be reducible.
As discussed, H+adg,d is not normal. The space of twisted stable maps [ACV] which we denote byH+g,d provides a normalisation. Consider the space Hog,d the Hurwitz space of ordered simple degree d
covers of rational curves by genus g curves where all branch points are ordered. Denote by Ho adg,d the
admissible covers compactification and by Hog,d the normalisation, the space of twisted stable maps.
We briefly recall the local structure near the boundary of Hog,d as it allows for a clean presentation.
The boundary of H+g,d and Hg,d are obtained by quotienting by S2g+2d−3 and S2g+2d−2 respectively.
See [I] for a more detailed description.
Consider a general point in the boundary with branch profile above the unique node equal to
m = [m1, . . . ,mr]. Let qi be the nodes in the nodal source curve corresponding to the entries mi
sitting above the node q in the rational nodal target curve. Locally near qi the source curve is given
by xiyi = si and near q the target curve is given by uv = t with u = xmii and v = ymii . Introducing local
parameters to normalise we obtain that Hog,d has∏ri=1mi
l.c.m(m)
branches along any irreducible component of the boundary of Ho adg,d with signature m, where l.c.m(m)
is the lowest common multiple of the entries in m. The ramification along each branch in the branch
morphism to M0,2g+2d−2 is equal to l.c.m(m).
We now restrict to specify a number of irreducible boundary divisors of H+g,d of interest to us.
Let δ[m] = δ1+[n−m] in M0,1+[n−1] be the divisor defined as the closure of the locus of stable pointed
genus zero curves with a separating node with one component containing the specified point and n−m
other symmetrised points.
Let T̃1+[1] and T̃[2] be the divisors in the normalisation H+g,d corresponding to the unique irreducible
components of fbr
∗δ1+[1] and fbr∗δ[2] respectively, specified by branch profile above the unique node
m = (3,1d−3).
Let D̃1+[1] and D̃[2] be the divisors in the normalisation H+g,d corresponding to unique irreducible
components of fbr
∗δ1+[1] and fbr∗δ[2] respectively, specified by branch profile above the unique node
m = (2,2,1d−4).
Let ∆̃1+[1] and ∆̃[2] be the divisors in the normalisationH+g,d corresponding to the unique irreducible
components of fbr
∗δ1+[1] and fbr∗δ[2] respectively, specified by branch profile above the unique node
m = (1d) and the condition that the source curve of a general element has an non-separating node.
Let Ẽ1+[2] and Ẽ[3] be the divisors in the normalisation H+g,d corresponding to the unique irreducible
components of fbr
∗δ1+[2] and fbr∗δ[3] respectively, specified by branch profile above the unique node
m = (2,1d−2) and the condition that the source curve of a general element has two non-separating
nodes with branch profile (2,1).
Let δ̃1+[1] and δ̃[2] be the divisors in the normalisation H+g,d corresponding to the unique irreducible
components of fbr
∗δ1+[1] and fbr∗δ[2] respectively, specified by branch profile above the unique node
m = (1d) and the condition that in general, the stable model of the source curve is a smooth genus g
curve.
Note that the divisors defined above are irreducible but not necessarily reduced. A general admis-
sible cover corresponding to each divisor is depicted in Figure 1.
4.4. Test curves in H+adg,d and H+g,d. To prove the linear independence of boundary components we
construct a number of test curves. Though some constructions take place in the space of admissible
covers we consider the appropriately lift in the normalisation H+g,d scaled by the ramification order of
the unique irreducible boundary component the curve lies inside.
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T̃1+[1] T̃[2]
D̃1+[1] D̃[2]
∆̃1+[1] ∆̃[2]
Ẽ1+[2] Ẽ[3]
δ̃1+[1] δ̃[2]
Figure 1. Boundary divisors of interest in H+g,d
For any general points pi on a general genus g curve C by Riemann-Roch we have for d > g + 1,
dimH0(2p1 + p2 + ⋅ ⋅ ⋅ + pd−1) = 1 − g + d ≥ 3.
Choosing a general projective linear series
PV ⊂ PH0(2p1 + p2 + ⋅ ⋅ ⋅ + pd−1)
of dimension one not containing 2p1+p2+⋅ ⋅ ⋅+pd−1 we can hence construct a curve inH+g,d by constructing
the unique cover specified by 2p1 + p2 + ⋅ ⋅ ⋅ + pd−1 and each element in PV . Let F denote this curve.
When d = g + 1 we can construct this curve by requiring that the pi satisfy
dimH0(ωC(−2p1 − p2 − ⋅ ⋅ ⋅ − pd−1)) = 1.
Proposition 4.1. For d ≥ g + 1, the curve F satisfies the following intersection numbers
F ⋅ T̃[2] = 3(2g + d − 2), F ⋅ D̃[2] = 2(g2 + 2gd + d2 − 5d − 7g + 6), F ⋅ δ̃1+[1] = 1, F ⋅ δ̃[2] = d − 2
and the intersection with every other irreducible boundary divisor is zero.
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Proof. The intersection F ⋅ T̃[2] is obtained as the number of ramification points in a general linear
series of projective dimension r = 2 degree d given by the Plu¨cker formula as(r + 1)d + (r + 1)r(g − 1).
The intersection F ⋅ D̃[2] is obtained by the generalisation of the Plu¨cker formula known as de Jon-
quie`res’ formula [ACGH, pg. 359]. The number of section of the type (2,2,1d−4) in a general linear
series of projective dimension r = 2 degree d is given by the coefficient of x2yd−4 in(1 + 4x + y)g(1 + 2x + y)d−r−g.
The final two intersections are clear as requiring that a ramification point collide with any pi specifies
a unique section in the linear system. 
Now fix a general degree d cover ν ∶ C Ð→ P1 by a genus g − 1 curve C with only simple branching
and a simply branched trigonal cover α ∶X Ð→ P1 of the rational line by a rational curve X. We obtain
an admissible cover in Hg,d by gluing together a ramification point from each cover and identifying
the other point in the fibre of α to one of the points in the same fibre of ν. By varying one of the
remaining branch points in α and fixing the other three we obtain a curve in Hg,d. By marking a
distinct ramification point in ν or the ramification point in α that is being moved we obtain the curves
G[3] and G1+[2] respectively. This situation is depicted in Figure 2.
ν ∶ C Ð→ P1
α ∶X Ð→ P1
Mark this ramification
point to obtain G1+[2]
Mark this ramification
point to obtain G[3]
Allow this branch point
to move freely
Unramified
rational tails
Figure 2. Constructing the test curves G[3] and G1+[2].
Proposition 4.2. The curves G[3] and G1+[2] satisfy the following intersection numbers
G[3] ⋅ T̃[2] = 9, G[3] ⋅ ∆̃[2] = 3, G[3] ⋅ Ẽ[3] = −4,
and
G[3] ⋅ T̃1+[1] = 6, G[3] ⋅ T̃[2] = 3, G[3] ⋅ ∆̃1+[1] = 2, G[3] ⋅ ∆̃[2] = 1, G[3] ⋅ Ẽ1+[2] = −4.
The intersection with every other irreducible boundary divisor is zero.
Proof. Fix
α ∶X Ð→ P1
a degree three cover of the rational line by a rational curve simply branched above b1, b2, b3 and b4.
Removing these points and their pre-images under α we obtain an e´tale cover. The monodromy
representation
ρ ∶ pi1(P1 ∖ {b1, b2, b3, b4})Ð→ S3
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describes how cycles in pi1(P1 ∖ {b1, b2, b3, b4}) permute the sheets of the e´tale cover
X ∖ {α−1(bi)}4i=1 Ð→ P1 ∖ {b1, b2, b3, b4}.
For the fixed cover α, this representation is unique up to simultaneous conjugation (labelling of the
sheets). Further, when the image of any representation of pi1(P1 ∖ {b1, b2, b3, b4}) in S3 is a transitive
subgroup it gives a unique isomorphism class of an irreducible cover by the Riemann existence theorem.
Let γi for i = 1,2,3,4 be the basis for pi1(P1∖{b1, b2, b3, b4}) obtained by taking small cycles enclosing
each branch point such that
γ1 ⋅ γ2 ⋅ γ3 ⋅ γ4 = Id.
Then ρ(γi) = γ˜i for i = 1,2,3,4 is a transposition in S3. To enumerate the number of such covers we
enumerate the number of such monodromy representations up to conjugation. That is, enumerate the
choices of transpositions γ˜i up to conjugation such that
γ˜1 ⋅ γ˜2 ⋅ γ˜3 ⋅ γ˜4 = Id.
Fixing γ˜1 = (1,2) we observe choosing γ˜2 and γ˜3 uniquely specifies γ˜4 which is necessarily an odd
permutation and hence in the case ofS3, a transposition. Eliminating the possibility that all γ˜i = (1,2)
and conjugating by (1,2) we obtain the number of such covers to be
32 − 1
2
= 4.
A representative of each conjugacy class is given below
Conjugacy Class γ˜1 γ˜2 γ˜3 γ˜4
A (1,2) (1,2) (1,3) (1,3)
B (1,2) (1,3) (1,3) (1,2)
C (1,2) (1,3) (2,3) (1,3)
D (1,2) (1,3) (1,2) (2,3)
All intersection numbers but the last entry in each row of the proposition follow from this table which
enumerates the way ramification points collide when branch points collide.
Restricting the normal bundle of Ẽ[3] to G[3] and Ẽ1+[2] to G1+[2] obtains the final entry. Alterna-
tively, these intersection numbers can be obtained by considering the intersection of the pushforward
of these curves to M0,1+[2g+2d−3] and applying the projection formula to the finite morphism fbr.
Observe (fbr∗G[3]) ⋅ δ[2] = 12 and (fbr∗G[3]) ⋅ δ[3] = −4,
while(fbr∗G1+[2]) ⋅ δ[2] = 4, (fbr∗G1+[2]) ⋅ δ1+[1] = 8, (fbr∗G1+[2]) ⋅ δ[3] = 0, and (fbr∗G1+[2]) ⋅ δ1+[2] = −4.

Now define the test curve Ah for h = 0, . . . , g − 1 in H+g,d by decorating curves used by Deopurkar
and Patel [DP] with marked ramification points, branch points and one distinguished branch point.
Let
αb ∶Xb Ð→ P1
be a family of hyperelliptic curves of genus g − h − 1 obtained by taking a double cover X Ð→ P1 × P1
branched along a curve of bi-degree (2(g−h−1)+2,2). To obtain sections p ∶ B Ð→X and q ∶ B Ð→X
over {0} × P1 and {∞} × P1, let the branch divisor be tangent to {0} × P1 and {∞} × P1.
Let
γ ∶ Y Ð→ P1
be a generic degree d − 2 cover by a smooth genus h curve Y . Let y0 and y∞ be fixed points in the
unramified fibres γ−1(0) and γ−1(∞).
Let
βi ∶ Zi Ð→ P1
for i = 1,2 be fixed double covers for rational curves Zi and let ti and ti be fixed distinct conjugate
points under βi for i = 1,2.
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To obtain the curve Ah in H+g,d identify the sections p with t1 and q with t2 and points y0 with t1
and y∞ with t2. Mark the fibre above the image of one of the ramification points of γ ∶ Y Ð→ P1. This
construction is depicted in Figure 3.
β1 ∶ Z1 Ð→ P1
and d − 2 unramified
rational tails
β2 ∶ Z2 Ð→ P1
and d − 2 unramified
rational tails
αb ∶Xb Ð→ P1
γ ∶ Y Ð→ P1 Mark this ramification
point to obtain Ah
Mark this ramification
point to obtain Bh
t1
t1
p
y0
t2
t2
q
y∞
∞0
Figure 3. Constructing the test curves Ah and Bh.
Proposition 4.3. For h = 0, . . . , g − 1, the curve Ah satisfies the following intersection numbers
Ah ⋅ D̃1+[1] = 2, Ah ⋅ D̃[2] = 4(d + h) − 14, Ah ⋅ Ẽ[3] = 2, Ah ⋅ ∆̃[2] = 8(g − h) − 8,
and the intersection with every other irreducible boundary divisor is zero.
Proof. Denote by S the branching curve in P1×P1 of bi-degree (2(g−h),2). Let α and β be the classes
of the fibre of the projection onto the first and second component of P1 × P1 respectively. Hence S
has class 2(g − h)α + 2β and by adjunction, the genus of S is 2(g − h) − 1. Riemann-Hurwitz or the
Plu¨cker formula gives that the projection of this curve onto the second factor will have 8(g − h) − 4
simple ramification points.
The intersections with D̃1+[1] occur for b such that a ramification point of αb sits above the marked
ramification point of γ which is equal to α ⋅ [S] = 2.
Similarly, the intersections with D̃[2] occur for b such that a ramification point of αb sits above the
remaining ramification points of γ. Hence
Ah ⋅ D̃[2] = (α ⋅ [S])(2h + 2(d − 2) − 3).
The intersection with Ẽ[3] is computed as
Ah ⋅ Ẽ[3] = ([p] + [q]) ⋅ ram(α) = 2
Finally, the intersections with ∆̃[2] is equal to the restriction of the normal bundle of ∆̃[2] to the
curve Ah. This has two contributions. First, there are 8(g − h) − 4 intersections from the family α.
The second contribution is at the nodes [p] and [q] that contribute[p]2 + [q]2 = −4
to the intersection.
Again, all these intersection numbers can be checked via pushing forward the curve under the branch
morphism to M0,1+[2g+2d−3]. 
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The curve Bh for h = 0, . . . , g − 1 in H+g,d is obtained by following the same construction as Ah, but
distinguishing a different branch point. In this case we distinguish a branch point of β1 ∶ Z1 Ð→ P1.
This is depicted in Figure 3.
Proposition 4.4. For h = 0, . . . , g − 1, the curve Bh satisfies the following intersection numbers
Bh ⋅D̃[2] = 4(d+h)−12, Bh ⋅Ẽ1+[2] = 1, Bh ⋅Ẽ[3] = 1, Bh ⋅∆̃1+[1] = −2, Bh ⋅∆̃[2] = 8(g−h)−6,
and the intersection with every other irreducible boundary divisor is zero.
Proof. The proof follows clearly from the proof of Proposition 4.3 by simply distinguishing a different
branch point. 
4.5. The Picard rank conjecture. Patel [Pat] showed that the irreducible components of the bound-
ary of Hg,d are linearly independent. Though this is not known to hold on H+g,d, the following weaker
statement on linear independence will suffice for our purposes.
Proposition 4.5. For d > g, if the relation ∑ c(δ)δ = 0
holds in A1Q(H+g,d) on the irreducible boundary components of H+g,d then
c(T̃1+[1]) = c(T̃[2]) = c(D̃1+[1]) = c(D̃[2]) = c(δ̃1+[1]) = c(δ̃[2]) = c(∆̃1+[1]) = c(∆̃[2]) = c(Ẽ1+[2]) = c(Ẽ[3]) = 0.
Proof. We prove the existence of the following non-singular matrix relating the coefficients of the
above divisors in any such relation
M =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
2 b − 2 0 0 0 0 0 0 0 0
0 0 2 b − 2 0 0 0 0 0 0
0 0 0 0 2 b − 2 0 0 0 0
0 0 0 0 0 0 1 b − 2 0 0
0 0 0 0 0 0 0 0 3 b − 3
0 0 2 4d − 14 0 0 0 8g − 8 0 2
0 0 0 4d − 12 0 0 −2 8g − 6 1 1
0 0 2 4d − 10 0 0 0 8g − 16 0 2
0 9 0 0 0 0 0 3 0 −4
0 3(2g + d − 2) 0 2(g2 + 2gd + d2 − 5d − 7g + 6) 1 d − 2 0 0 0 0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
where b = 2g + 2d − 2.
Patel [Pat] showed that the irreducible components of the boundary ofHg,d are linearly independent.
Hence pushing forward the relation under the finite morphism
ϕ ∶H+g,d Ð→Hg,d
that forgets the specified branch point we obtain the first five rows of M from the coefficients of
irreducible boundary divisors in a relation in A1Q(Hg,d) that must be trivial. The remaining four rows
are obtained via intersection of the relation with the curves A0,B0,A1,G[3] and F . 
This allows us to show that in the case d > g the boundary components of P̃Hg,dX are linearly
independent.
Proposition 4.6. For d > g and g ≥ 3, the irreducible components of P̃Hg,dX ∖ H+g,d are linearly
independent in A1Q(P̃Hg,dX ).
Proof. Recall the proper birational morphism
τ ∶H+g,d ∖ Y Ð→ P̃Hg,dX
where Y is the pullback of the boundary of Mg,1+[d−2] under ffib. The divisors T̃ , D̃[2], δ̃[1] and δ̃[2]
have image T , D, δ1 and δ2 respectively in P̃Hg,dX .
Any non-trivial relation in T , D, δ1 and δ2 in PicQ(P̃Hg,dX ) pulls back under τ to a relation in the
boundary components of H+g,d ∖ Y with a non-zero coefficients for at least one of T̃ , D̃[2], δ̃[1] and δ̃[2]
in A1Q(H+g,d ∖ Y ). Proposition 4.5 then provides the contradiction. 
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This provides the first proposition that contributes to Theorem 1.1.
Proposition 4.7. PicQ(H+g,d) and PicQ(Hg,d) for d > g are trivial.
Proof. For d > g, the rank of the rational Chow group of P̃Hg,dX given by Corollary 2.4 and Corollary 2.5
is completely accounted for by the linearly independent boundary components given by Proposition 4.6.
Hence A1Q(H+g,d) = 0 and as H+g,d is normal, PicQ(H+g,d) Ð→ A1Q(H+g,d) is injective and PicQ(H+g,d) is
trivial.
The forgetful morphism
ϕ ∶H+g,d Ð→Hg,d
is finite and proper and hence
ϕ∗ ○ ϕ∗ ∶ A1Q(Hg,d)Ð→ A1Q(Hg,d)
is equal to multiplication by (2g + 2d − 2). However, A1Q(H+g,d) = 0 and hence ϕ∗[Z] = 0 for any[Z] ∈ A1Q(Hg,d). Hence
0 = ϕ∗ ○ ϕ∗[Z] = (2g + 2d − 2)[Z]
and A1Q(Hg,d) = 0. 
In the remainder of this section we prove the one remaining case of Theorem 1.1 that PicQ(Hg,d)
is trivial for d = g. In this case the map
P̃Hg,dX Ð→Mg,1+[d−2]
is no longer dominant and we must find a new strategy to bound the rational Chow rank. For any
smooth genus g, degree g cover of the rational line
pi ∶ C Ð→ P1
the line bundle KC ⊗ pi∗O(−1) has degree g − 2 and by Riemann-Roch the dimension is equal to
dimH0(C,KC ⊗ pi∗O(−1)) = dimH0(C,pi∗O(1)) − 1.
Let Cg,g−2 be the universal degree g−2 symmetric product, the moduli spaces of tuples of g−2 unordered
possibly non-distinct points on smooth genus g curves. We obtain a birational map
(4)
Hg,g ⇢ Cg,g−2[pi ∶ C → P1] ↦ [C,KC ⊗ pi∗O(−1)]
that is well-defined when
dimH0(C,pi∗O(1)) = 2
and has a well defined inverse at [C,p1 + ⋅ ⋅ ⋅ + pg−2] in Cg,g−2 when
dimH0(C,OC(p1 + ⋅ ⋅ ⋅ + pg−2)) = 1
and the linear system ∣A∣ for A =KC(−p1 − ⋅ ⋅ ⋅ − pg−2) has no base points and the map P∣A∣ has simple
branching.
δT D
Figure 4. Boundary divisors of interest in Hg,d
Let Y be the collection of all boundary divisors in Hg,g excluding only the three irreducible com-
ponents of f∗brδ[2] such that the stable model of the general source curve is smooth. We denote these
divisors by T,D and δ and they are specified as the irreducible components of f∗brδ[2] corresponding to
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m = [3,1d−3], [2,2,1d−4] and [1d] respectively. A general cover in each divisor is depicted in Figure 4.
Then Hg,g ∖ Y provides a partial compactification of Hg,g by twisted stable maps with the conditions
that the stable model of the source curve is smooth and at most two branch points come together.
Further, the map (4) extends to a birational morphismHg,g ∖ Y ⇢ Cg,g−2[pi ∶ C → P1] ↦ [C,KC ⊗ pi∗O(−1)]
that is well-defined when
dimH0(C,pi∗O(1)) = 2
and has a well defined inverse at [C,p1 + ⋅ ⋅ ⋅ + pg−2] in Cg,g−2 when
dimH0(C,OC(p1 + ⋅ ⋅ ⋅ + pg−2)) = 1
and the resulting cover from the linear system ∣KC(−p1 − ⋅ ⋅ ⋅ − pg−2)∣ has branching that is the result
of at most two branch points coming together which we detail explicitly below.
Let A = KC(−p1 − ⋅ ⋅ ⋅ − pg−2) and dimH0(C,A) = 2. If ∣A∣ is base point free and the branching of
the map P∣A∣ is simple or of type (3,1d−3) or (2,2,1d−4) then [C,p1 + ⋅ ⋅ ⋅ + pg−2] gives a well-defined
inverse. If ∣A∣ is not base point free and the base points of ∣A∣ are given by q1, . . . , qm then to obtain
a well-defined inverse we require
(a) the base points are simple,
(b) the branching of P∣A(−q1 − ⋅ ⋅ ⋅ − qm)∣ is simple, of type (3,1d−m−3) or (2,2,1d−m−4),
(c) the qi sit in distinct fibres of P∣A(−q1 − ⋅ ⋅ ⋅ − qm)∣ which are unbranched.
In both cases the requirements ensure that the admissible cover can be obtained by attaching rational
tails in a unique way specified by Figure 4. The unique way to attach rational tails at ramification
of type (3,1d−3) or (3,1d−m−3) is depicted in T , ramification of type (2,2,1d−4) or (2,2,1d−m−4) is
depicted in D and rational tails are attached at simple base points in unramified fibres in the unique
way specified in δ.
Let X̃ be the closure in in Hg,d of the locus of covers {pi ∶ C Ð→ P1} in Hg,d such that
dimH0(C,pi∗O(1)) ≥ 3,
let X1 be the locus of [C,p1 + ⋅ ⋅ ⋅ + pg−2] in Cg,g−2 such that
dimH0(C,OC(p1 + ⋅ ⋅ ⋅ + pg−2)) ≥ 2
and let X2 be the locus where
dimH0(C,OC(p1 + ⋅ ⋅ ⋅ + pg−2)) = 1
but A =KC(−p1 − ⋅ ⋅ ⋅ − pg−2) does not satisfy the requirements above. We have
codim(X̃) = codim(X1) = codim(X2) = 2.
The first two codimensions follow from a simple dimension count, while the third is because X2 is
the image of the divisorial locus where more than two branch points come together and the stable
model of the source curve is smooth. This locus is contracted as the information of the position of the
colliding branch points is forgotten.
This results in the following relation on the rank of rational Chow groups.
Proposition 4.8. The following relation on the rank of the rational Chow groups holds
ρ(Hg,d ∖ Y ) = ρ(Cg,g−2) = 3.
Proof. From the above discussion we obtainHg,d ∖ {Y ∪ X̃} ≅ Cg,g−2 ∖ {X1 ∪X2}.
As codim(X̃) = codim(X1) = codim(X2) = 2 we obtain the result. 
This is the final ingredient needed to complete the remaining case.
Proposition 4.9. PicQ(Hg,d) for d = g is trivial.
Proof. The three boundary components of Hg,d ∖ Y are linearly independent by Patel [Pat]. Hence
A1(Hg,d) = 0. 
This provides the final case of Theorem 1.1.
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